Weak coupling region of CP N−1 lattice field theory with θ-term is investigated. Both usual real theta−method and imaginary theta−method are studied. The latter is proposed by Azcoiti et al. Wide range of h = −Imθ is studied, where θ denotes the magnitude of topological term. Stepwise behavior in x-h relation ( x = Q/V , Q = topological charge, V = two dimensional volume) is found in weak coupling region. Physical meaning of the position of stepwise behavior is discussed. §1. Introduction Two dimensional lattice CP N −1 model with θ-term is investigated. The problem to obtain partition function Z(θ) numerically stems from the difficulty of complex valued Boltzmann weight. This difficulty is avoided by expressing Z(θ) as a Fourier series 1)
§1. Introduction
Two dimensional lattice CP N −1 model with θ-term is investigated. The problem to obtain partition function Z(θ) numerically stems from the difficulty of complex valued Boltzmann weight. This difficulty is avoided by expressing Z(θ) as a Fourier series 1) Z(θ) = Q P (Q)e iθQ ,
where P (Q) is the topological charge distribution, i.e., the probability of finding topological charge Q in the system at θ = 0. In strong coupling region, P (Q) is approximately expressed by Gaussian function P (Q) ∝ exp(− α V Q 2 ) and first order phase transition at θ = π is obtained. 1)2)3)4)5) In weak coupling region P (Q) shows quite different behavior compared with Gaussian form. Instead of quadratic Q dependence, almost linear form is found 4) † †) in the exponent of P (Q)
where obtained value c in weak coupling region is a quite small constant. Linear exponent is a simplified typical form. Azcoiti et al. proposed the imaginary theta method, where θ-parameter is taken to be purely imaginary 6) θ = −ih with h = real parameter. In imaginary θ case, numerical simulation can be performed for Z(h), since the Boltzmann factor becomes real in this case Z(h) = DzDz * e −S(z,z * )+hQ(z,z * ) ,
where S is an action and z(z * ) denotes appropriate fields (its complex conjugate). But the meaning of simulation with imaginary theta, θ = −ih, seems not to be well understood. The role of imaginary theta method is then investigated in this paper.
We will perform numerical analysis with θ = −ih for both strong and weak coupling regions. After this analysis, we will discuss the meaning of Azcoiti et al.'s approach. Our understanding about the meaning of their approach is summarized as follows.
1 In some cases real theta results can be lead from imaginary theta results by analytic continuation. It is not true in other cases. What then does the imaginary theta method mean? It does not mean analytic continuation at nonzero theta. Imaginary theta method is nothing but one of the fitting method of topological charge distribution P (Q) at θ = 0 . This will be shown in section 3. 2 This method is suited to know h-dependence for wide range of h. Namely xh relation for wide range of h and thus wide range of x is obtained, where x = Q/V . 3 In strong coupling region, Gaussian form of P (Q) is reconfirmed by imaginary theta method. 4 In weak coupling region, we have found "stepwise behavior" in x-h relation. The position of step gives us the value of parameter c(β), where β means inverse coupling constant of the CP N −1 model. The parameter c(β) is the one found in our previous analysis of topological charge distribution 4) at θ = 0, P (Q) ∝ c(β) |Q| . 5 In weak coupling region, fluctuation of field variables z and z * is much suppressed and thus the probability of topological charge excitation is much suppressed. The parameter c(β) is the measure of suppression of topological charge excitation.
This paper is organized as follows. Imaginary theta approach is explained in §2. Numerical calculation is presented in §3. Conclusions and discussions will be presented in §4. §2. Imaginary theta method
Formulation
Various progresses are achieved in non Abelian lattice gauge theory, e.g., asymptotic freedom is confirmed by the observation of string tension. 7) Possibly quark confinement is explained as "area law" in the lattice formulation. Instanton excitation allows the existence of the topological term, namely a theta term in the action. However, lattice field theory with the theta term is not well understood, because Euclidean formulation introduces complex Boltzmann factor and it forbids direct Monte Carlo simulation. Azcoiti et al. introduced purely imaginary theta parameter in reference 6). If we take θ to be purely imaginary, Boltzmann weight becomes real positive quantity and this allows dirfect numerical simulation. The relation between imaginary θ and real θ, i.e., real physical world, seems not to be well understood.
In order to understand the meaning of the imaginary theta method, we will perform the imaginary theta method both in strong and weak coupling regions. We will then compare imaginary and real theta methods.
We will begin from the real θ case. The CP N −1 model with θ-term on two dimensional Euclidean lattice is considered. 3)8) The action with θ-term is defined by
where
is the action and z α (n)(α = 1, · · · N ) denotes CP N −1 field on each site n. The site n +μ denotes the nearest site of n to the direction µ. Topological charge is defined as
where A µ (n)'s are defined as
Partition function for two dimensional CP N −1 field theory is given by
where (DzDz * ) (Q) denotes the constrained measure in which Q(z, z * ) = Q. P (Q) is the topological charge distribution estimated with the action for θ = 0
and satisfies
Once topological charge distribution is known, partition function at any θ is given by the Fourier series for θ = real case.
Now we will introduce imaginary θ. 6) Setting θ = −ih(h = real), we have
So h plays the role of the external source for topological charge x Q . Once constant background field h is given, the expectation valuex(h) of topological charge per volume is given bȳ 
and
From this form, we can say imaginary theta method is a kind of "trial function" (subtraction ) method, where the action is replaced by the one with subtraction term
The "trial (subtraction ) function" is taken as a special form in imaginary theta method
When volume V is large, x Q is almost continuous and x Q in the sum in Eq.(2 . 12) is approximately replaced by thex Q , where exp{−V (f V (x Q ) − hx Q )} becomes maximum. This saddle point method gives
The quantityx Q is the expectation value of topological charge ( per volume ). 1) Expectation valuex Q for given background h can be obtained by numerical simulation. 2) On one hand, due to Eq.(2 . 19), h is the first derivative of f V (x) atx Q . Hereafter suffix V will be omitted. 3) We plot an illustrative example ofx vs. h graph in Fig.1 . Exchanging h and x, we obtain Fig. 2 . we have df (x)/dx as a function of x. Namely, fitting h by an appropriate function ofx, we obtain functional form of df (x)/dx. By integrating this
we have f (x). In this way we obtain nothing but topological charge distribution at θ = 0.
Qualitative difference between strong and weak coupling behavior
In our previous paper, 4) P (Q) of the two dimensional CP 2 model is numerically obtained. Now we will study the results from the view point of imaginary theta approach. In strong coupling region ( β = small < ∼ 1), P (Q) is approximately given by Gaussian form
In this case
namely, linear relation between (h-x ) is expected. In the weak coupling region,x-h relation is expected to show "stepwise behavior" (Fig. 5) . In order to make it easy to understand why Fig. 5 is expected, we consider a typical simplified behavior of Q-dependence in weak coupling region; 4) exponent of P (Q) is proportional to |Q| 
where parameter c is phenomenologically quite small. Thus in this case f (x) = |x| ln(1/c), 4) which will be called "linear x model" hereafter.
The behavior in x ≥ 0 region is shown in Fig. 6 . Then interchangingx and h, we obtain h-x relation shown in Fig. 5 . From Eq.(2 . 26), Fig. 6 . is first obtained. But from actual numerical simulation,x as a function of is background h is first measured. Thus Fig. 5 is put before Fig. 6 . We set f eff (x) = f (x) − hx. By employing simplified functional form "linear x model", f (x) = |x|h 0 , we investigate three cases (i) to (iii) below.
(i) 0 < h < h 0 case We have
) is constant in x > 0 region and we expectx will take any positive value between 0 and maximum possible value, namely,x is undetermined.
where h − h 0 is positive. Then exp(−V f eff (x)) favors as large x as possible and we expectx ∼ possible maximum value. Since Q is bounded from above in finite volume case,x < ∼ Q max /V . With periodic boundary condition, |Q| < ∼ V 2 is the limit. 1) Then |x Q | is bounded from above by x 0 (< ∼ 1/2). Summarizing (i) to (iii), we have qualitative behavior of x in weak coupling region as shown in Fig.5 , namely, "stepwise behavior" ofx against background h.
The expectation valuex is expected to be quite small in 0 ≤ h < h 0 region, whilex approximately becomes x 0 in h > h 0 region. Position of stepwise rise ofx is expected to be located at h = h 0 = ln(1/c).
A short comment is presented here. In the analysis of finite density QCD, the chemical potential µ and nucleon density n(= N/V ) ( N and V denote nucleon number and the volume of the system) enter in place of the parameter h and topological charge density x. Low temperature T ∼ 0 of QCD corresponds to weak coupling β = large in CP N −1 model, where topological charge excitation is suppressed due to the nature that only a small fluctuation of the gauge field is allowed. Stepwise behavior schematcally shown in These (1) and (2) give us the relation betweenx(h) and h at many points. From this x-h relation, functional form of f ′ (x) as a function ofx is obtained by fitting the calculated points. Once functional form f ′ (ξ) is obtained by this fitting process, we get f (x) itself by integrating f ′ (ξ),
In reference 4), we discussed " direct method" and "indirect method", where the latter is equivalent to fitting method. The imaginary theta method is nothing but a candidate of "indirect method". Now we will present the data of numerical simulation of CP 2 model with imaginary theta method. For each β and h, the number of measurements is set to 10 5 . For much higher values of h,x shows saturation due to the restriction that topological charge can not exceed V /2 in finite volume. 1) Thusx is bounded from abovex
Stepwise behavior is observed in weak coupling regions. In weak coupling cases (β > ∼ 5.0),x is much suppressed compared with strong coupling cases in h = small (h < ∼ 5.0) region,x weak <<x strong . In larger h regionx begins to rise rapidly and reachesx ∼ x 0 /2 at h ∼ h 0 (β). In h > h 0 (β) region,x again begins to bend due to the restrictionx < x 0 .
The position h 0 of the stepwise rise depends on the coupling constant, namely, h 0 is the function of β. The observed stepwise behavior is not so sharp compared with the simple sharp stepwise rise mentioned in §2 (Fig.5) 
Integrating this we obtain namely Gaussian distribution In Fig.11 h vs.x in weak coupling, β = 6.0, at size L = 50 is shown. Plateau like behavior of h at h = h 0 ∼ 11.0 is clearly seen. It is rather smoother than the simple case in the previous section but Fig.11 is the reminiscent of the plateau like behavior (Fig.6) . To see the precise behavior at h near the origin, Log-Log plot is shown in Fig.12. 
Real θ, imaginary θ and analytic continuation
Taking simple "linear x model", we investigate the role of imaginary theta method. Linear x model is defined by
namely, the exponent f (x) of topological charge distribution is a linear function of topological charge (divided by volume). In real θ case,
In imaginary θ case, θ = −ih is inserted and 12) where x n = n/V = Q/V , s = e −h 0 +h and t = e −h 0 −h , and finite volume restricts the upper bound of topological charge Q at N . Then partition function is given by
In real θ case, s(θ) = e −h 0 e iθ and t(θ) = e −h 0 e −iθ lead to |s(θ)| < 1 and |t(θ)| < 1, then s N +1 and t N +1 approach zero and Eq.(3 . 13) becomes
where c = e −h 0 << 1. In order to address a question whether it is possible to extend real θ to imaginary θ, let us discuss the following two cases.
(1) θ = imaginary = −ih with |h| < h 0 In this case s = e −h 0 +h < 1 and t = e −h 0 −h < 1 and both s N +1 and t N +1 are safely neglected and we have
(3 . 15) Equation (3 . 15) is then simply analytically continued to Eq.(3 . 14) by h → iθ. (2) θ =imaginary = −ih with |h| > h 0
We consider h > h 0 > 0. It should be noted
In this case s is greater than unity. Namely, leading contribution to Z V (h) is given by
From Eq.(3 . 17), expectation value of x is
Important point is that once leading contribution Eq.(3 . 17) is taken, non leading contribution This simple " linear x model" gives important lesson that there is a case where imaginary θ does not lead to real θ result by analytic continuation. Rather, the imaginary θ method is used as a fitting procedure of topological charge distribution P (Q) at θ = 0. 6) In weak coupling region,x shows stepwise behavior on h. In h < ∼ h 0 = ln(1/c), x is close to zero. It rises suddenly at h ∼ h 0 and stays atx ∼ x 0 at h > ∼ h 0 region. Actually, h-x relation obtained numerically does not show a hard stepwise rise at h ∼ h 0 but soft one. Simple functional form representing this "soft" stepwise behavior is expressed as a function of h as for β = 6.0 and L = 50. This relation is easily inverted. We have
Since h is given by h = f ′ (x), we integrate Eq.(3 . 21) and obtain
where d is an integration constant. If we assume f (0) = 0, d becomes
The value of data h for β = 6.0 and L = 50 is plotted against x =x in Fig.11 and Fig.12 . In these figures fitting function Eq.(3 . 21) is also shown. Integrated f (x) against x is plotted in Fig.13 . Almost linear dependence of f (x) on x is observed in weak coupling region. §4.
Conclusions and discussions
Imaginary theta method is investigated both in strong and weak coupling regions. In strong coupling region, expectation valuex shows linear dependence on h at h < ∼ 5.0. In weak coupling region,x is much smaller than that of strong coupling region,x (weak) <<x(strong) for h < ∼ 5.0.
(4 . 1)
The expectation valuex is expected to be quite small in 0 ≤ h < h 0 region, whilex approximately becomes x 0 in h > h 0 region. Position of stepwise rise ofx is expected to be located at h = h 0 = ln(1/c). Expectation valuex thus shows stepwise rise at h ∼ h 0 = ln(1/c) ∼ 10.0 ∼ 11.0. The parameter c is the probability of single topological charge excitation in weak coupling region. The value c is quite small.
We have calculated numericallyx against each h, i.e. we have obtainedx as a function of h. We have obtained h as a function ofx by invertingx and h. In large V limit, h is identified with f ′ (x),x is simply written as x. If we fit h by appropriate functional form h fit (x), then f (x) is obtained by integrating h fit (x),
where f (x) denotes f (x) = −V ln P (Q). In this way f (x), namely, P (Q) at θ = 0, is obtained. This process shows that imaginary theta method is not the analytic continuation from h to non zero theta, but P (Q) at θ = 0 is obtained as one of the products of this method. A simplified fitting function h fit (x) is presented in §3 and result, f (x), is given for that fitting function. Obtained f (x) (Eq.(4.2)) is shown in Fig.13 .
The purpose of the present paper is to clarify the meaning of the imaginary theta method proposed by Azcoiti et al.. For this, we have chosen a simple model, the CP 2 model. In our previous analysis, this model exhibits qualitatively different behavior of P (Q) between in the strong and weak coupling regions. This difference turns out to emerge as the one inx-h relation in the imaginary theta method. Since we have employed the standard action and this model is contaminated by dislocations, the precise information about the continuum physics can not be obtained. However, what we have clarified is that stepwise behavior ofx-h relation in the weak coupling region is observed and this behavior would not be altered if more realistic model were employed. From thisx-h relation, f (x), namely topological charge distribution P (Q) at θ = 0, is obtained.
"Stepwise rise" ofx at h ∼ h 0 in weak coupling region( 1/β ∼ 0) is schematically shown in Fig. 5 . Result of actual numerical simulation is shown in Fig. 9 . As is commented in the end of section 2, h-x relation is quite similar to µ-n (chemical potential vs. nucleon density) relation in QCD. In T ∼ 0( T denotes temperature), stepwise rise at µ ∼ µ 0 is expected as shown in Figure 8-10(a) of the text book of Kogut and Stephanov. 10) Further investigation of the correspondence between h-x in the CP N −1 model and µ-n relation in QCD will be an interesting problem.
